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a b s t r a c t
Moving sensors can cover more area over a period of time than the same number of
stationary sensors. However, the gains attained by a moving sensor (a single robot or
radar) are not well understood. In this paper, we present a stochastic model analyzing the
detection quality achieved by a single sensor moving along a certain track based on its
velocity and mobility pattern. We also include a detection scenario using double robots
together and study their detection quality. We consider the following type of intrusion
events: intruders occur/arrive at random points at the edge of the field of interest and
move directly to the center of the field of interest at a constant speed. In order to compare
results, two detection scenarios are studied: the robot detection scenario and the radar
detection scenario. In the robot detection scenario, the robot(s) is set to move periodically
along a certain route at a constant speed. In the radar detection scenario, radar is rotated
at a constant speed in a clockwise/counter-clockwise direction. An intrusion is said to be
captured if it is sensed by themoving robot or radar before it arrives at the center of the field
of interest. For both scenarios, we derive a general expression for intrusion loss probability
and the expected time that it will take the robot(s) or radar to capture an intruder.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In a traditionalwireless sensing application, detection tasks are usually carried out by randomly scattered static detection
devices in a sensing field. Normally, a high density of sensors is necessary in order to cover the whole sensing field and to
ensure connectivity of the sensor network. The disadvantages of this approach are that the detection area and detection
pattern are determined once the distribution of the sensors is initialized, which prevents the static sensing networks
from coping with dynamic environments. For example, in a surveillance network, if an adversary gains knowledge about
the positions of the sensors, it can take advantage of that knowledge and thus render the sensor network useless. More
importantly, the failure of a few sensors may lead to disconnection of the entire sensing network. Finally, deploying a
large number of redundant nodes is a financial concern and causes other negative effects in the sensing field. For many
applications, the stationary sensing devices are less likely to be charged or to be collected again.
Advances in robotics and low-power embedded systems have made dynamic detection [1–4] an available choice for
sensing applications. Due to their mobility, a small number of moving robots may be deployed to cover a large sensing
field [5]. A properly designed moving robot routine makes the networking connection more reliable because the robots are
capable of exchanging information with each other whenever one is within communication range of any of the others.
However, it is important to note that the instantaneous areas covered by amoving robot and a stationary detection device
of the same type are the same. Without a properly designed moving track, moving robots may not have better detection
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quality than stationary detection devices, especiallywhen the sensing field is highly dynamic (either spatially or temporally)
in nature.
Within the dynamic sensing application, target detection problems have been widely studied. Researchers have focused
their efforts on solving the target (evader) detection problemwith a completemap and robots which are perfectly capable of
navigating in a polygonal environment. In [6], the visibility-based evasion pursuit problem is first considered and algorithms
are provided for different kinds of polygons with the pursuer having omnidirectional visibility or having a given number of
beams (flashlights). In [7], a complete algorithm is first provided, in the case that the pursuing robot has omnidirectional
visibility. In [8–12], the authors deal with the case that the pursuing robot has a number of beams, or the cases in which
there are multiple pursuing robots and give solutions. In [13], a solution to the evasion pursuing problem is provided for
the case of a curved environment. For the case of a polygonal environment where a number of robot pursuers have pairwise
visibility, [14] presents an optimal algorithm aswell as an approximate one. In [15], it is first proven that the evasion pursuit
problem in a polygonal environment, with pursuers having omnidirectional vision can be solved in polynomial time or,more
exactly, in quadratic time.
Due to the advantages (less expensive, easy to implement and maintain, etc.) of using proximity sensors which have
limited sensing ability instead of sensors which have a strong ability, the use of proximity sensors becomes another way to
solve the target detection problem. In [16], considering a single target, the authors propose obtaining limited information
called closest-point-of-approach to estimate the track of a single target. In [17], the authors propose a methodology for
deploying a mobile proximity sensor network to detect mobile targets. In the paper, the detection scenario is divided into
two steps: obtaining the track of the target and pursuing the target (the method used is similar to that in [16]). In the first
step, the robots try to intermittently sense the targets, and the track of a target can be inferred from the information gained
by the robots and then regarded as the true track of the target in the second step. In the second step, one robot will be
assigned to pursue the target along the inferred track and try to capture it. On evaluating the performance of the methods,
a new cell-decomposition approach is used to determine the operation cost of the robots and the probability of capturing
the target. In [18], the authors propose a probabilistic sensor model, consider the worst case of the intruders’ movement,
and present an algorithm to obtain the coordination strategies of a group of mobile sensors. In [19], the authors address
the problem of coordination of multiple robots in target detection and propose a game theory-based approach. In [20], the
authors study how the quality of coverage in mobile sensor networks is affected by the number of mobile sensors, their
velocity, velocity pattern, and event dynamics. They analyzed the case where the PoI’s (points of interest) are located on a
simple closed curve and the sensors move along the curve. Their model is based on the assumption that the intrusions occur
at one or more fixed points within the field of interest and that the intrusions do not occur randomly at the points of the
region of interest. In [21], the authors study the performance of robots which are deployed in a round field of interest based
on the assumption that intrusions occur randomlywithin the round field and stay where they occur for a random time; they
also compare the performance of the robots with that of radar which can cover the same area as the robots at any point in
time. There are also other related papers in [22–39], but they are for different objectives.
The problem we consider in this paper is an intrusion/invader detection problem which is quite different from the ones
considered in the references (especially the references in the last two paragraphs) for the intrusion detection problem using
mobile sensors. In our paper, the intrusions head to a destination after they arrive at the periphery; so the problem is to
detect and capture the intrusions before they arrive at their destination. Yet, in the references above, the invaders or targets
have no specific destination. They are simply in an invaded area and mobile sensor networks are employed to detect and
catch them. Also, in our paper, the intrusion takes a fixed time to arrive at the destination from any point on the periphery.
Therefore, the moving sensor must capture an intrusion within a fixed time after it arrives at the periphery. However, in
the references above, there are no time limits considered concerning how long it will take the mobile sensors to capture an
evader.
Since the problemwe consider here is not the same as the ones considered in the references above, the methods used in
the references above are not applicable to our problem. The reasons are as follows. First, the methods in the references are
based on a track-first-then-pursue idea which means that the track (or the state) of an evader needs to be estimated first.
But in this paper, since the intrusions have a common destination for the intrusions, the track of an intrusion is quite clear
and does not need estimation. Second, since there is a time limit for themoving sensor to capture the intrusion in this paper,
the methods in the references do not meet the requirement. Third, the methods in the references imply that, after the track
of each invader is determined, a mobile sensor (or at least one mobile sensor) will be assigned to pursue the invader. In this
paper, a huge number of intrusions can occur at the same time. If we used the methods in the references, a huge number of
moving sensors would be needed; and that is too expensive.
In this paper, we will study the Intrusion/Detection Model (IDM), in which intrusion events arrive at random points on the
edge of the field of interest and move directly to the center of the field of interest at a constant (or the maximum) speed.
There are many examples of potential applications in IDM in the real world. For example, intruders usually invade from
the periphery (e.g. the fence) of a building to the inside of the building. We analyze how the performance in terms of the
probability of missing an intrusion and the expected time required to capture the first intrusion, in the moving robot and
the radar detection scenarios, depends on parameters such as robot moving speed, event dynamics, and the speed of the
intruder.We draw conclusions for the problem above and for the first capture problem. The rest of this paper is organized as
follows: Section 2 presents the problem definition including the model, problems to be solved, and assumptions; Section 3
provides analysis of the performances of the robot(s) and radar in terms of the probability of missing an intrusion and the
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Fig. 1. Single robot detection.
(a) Robot detection scenario using double
robots.
(b) Radar detection scenario using
radar with angle α.
Fig. 2. Double robot detection and radar detection using radar with angle α.
average time required to capture the first intrusion; Section 4 gives an evaluation which compares the performances of
robot(s) and radar with them having the same area of sensing range; finally, we conclude our paper in Section 5.
2. IDM: problem definition
In this section, we define an intrusion/detection model and explain the problems to be solved.
2.1. Intrusion/Detection Model (IDM)
In this paper, we consider the following intrusion mode, called the Intrusion/Detection Model (IDM). The detection region
studied here is a circlewith radius R, as shown in Figs. 1 and 2.We consider two detection scenarios: robot detection scenario
and radar detection scenario. In the robot detection scenario, we consider two cases: using one single robot (see Fig. 1) and
using double robots (see Fig. 2(a)) which are deployed symmetrically and have the same detection range (the areawhich can
be sensed by the robot or radar at any point in time). In the radar detection scenario, we also consider the case: using radar
with arbitrary angle α (see Fig. 2(b)), where 0 < α < 2π . An intrusion is a target/intruder that occurs along the perimeter
of the circle (i.e., the edge of the sensing field) and moves straight towards the center of the circle. An intrusion/intruder is
considered to be detected if the target/intruder appears within the sensing range of a moving sensor (robot) or radar on its
way to the center. The intruder is captured by the robot or radar as soon as it is detected. When the intruder is captured it is
cleared, so any intrusion can be detected and captured only once. Once the intruder arrives at the center, we regard it to be
missed or not captured. Detection qualities for this intrusion mode are derived based on two different detection scenarios:
the radar and robot detection scenarios.
The robot detection scenario is shown in Figs. 1 and 2(a). The robot(s) is moving clockwise or counter-clockwise along
the dotted circle at a constant speed Vro. At any time, a robot has a detection range of a circle with radius R/2, which can
cover a quarter of the detecting region. In such a model, a single robot or double robots would have the ability to cover the
whole circular field of interest in one time period.
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The radar detection scenario is shown in Fig. 2(b). It is very common in surveillance applications. At any given time, the
radar with angle α has a detection range of a sector, which can cover a fraction α/(2π) of the detection region. The radar
will rotate in a clockwise/counter-clockwise direction, and the speed at the mid-point of the radius is Vra, which is also
considered to be the speed of the radar. The whole detection region can be covered by the radar in one time period.
In the IDM, we assume that an intruder moves towards the center at its maximum speed. By intuition, once the intruder
starts its intrusion, it always tries to reach the center as soon as possible. Therefore, the movement of the intruder can be
considered to be a constant-speed movement, where the speed of the intruder is fixed and denoted by Vin.
2.2. Problems to be solved
We will address the following issues:
• Problem 1. What is the probability that an intruder is not captured by the robot with a constant speed in the robot
detection scenario using a single robot?
• Problem 2. In single robot detection, if an intruder is captured by the robot, what is the expected time required for the
robot to capture it from the time when the intrusion occurs?
• Problem 3. What is the probability that an intrusion is not detected by either of the two moving sensors with a constant
speed in the robot detection scenario using double robots?
• Problem 4. In double robot detection, if an intruder is captured by either of the robots, what is the expected time required
for the robot to capture the intrusion from the time when it occurs?
• Problem 5. What is the probability that an intrusion is not detected by the radar with a detection angle α and a constant
speed in the radar detection scenario using radar with angle α?
• Problem 6. In radar detection using radar with angle α, if an intruder is captured by the radar, what is the expected time
required for the radar to capture it from the time when it occurs?
Note that a missed intrusion is critical, especially in applications in which even one intrusion would destroy the system.
2.3. Assumptions
We assume that an intrusion is a target/intruder moving from the edge of the sensing field straight towards the center.
Let Xi denote the length of the time interval between the times when the ith and (i+ 1)-th successive intruders appear. We
assume Xi to be a stochastic variable that has an exponential probability distribution with a mean 1/λi. Therefore, intruders
appear at the edge of the sensing field one by one. In our model, we further assume λi = λ for any i. This assumption
about the interim time between the arrivals of two consecutive intrusions is the same as the assumption about the interim
time between the arrivals of two consecutive queue members in a broad variety of queuing systems such as M/M/1 and
M/G/1. That fact makes our model quite realistic and practical. For example, in surveillance applications such as military
headquarter monitoring, using our model, the headquarters (a small place) can be viewed as the center of the round area
(O(R)), the monitored surrounding area of the headquarters as O(R) and the enemies (intruders) as a series of individuals
or groups coming one by one from the surroundings aiming at the headquarters.
Since what we are concerned with is the intrusion capture quality, we assume that no intrusions occur before the robot
or radar starts to move to detect intrusions and let zero be the time when the robot begins to move to detect intrusions or
the time when the robot or radar detection process begins to be recorded.
Let O(R) denote the circular area of radius R over which the robot or the radar will detect intrusions. Let O denote the
center of the round region O(R). Any intrusion can appear randomly at any point on the perimeter of O(R). The point where
the intrusion appears is a variable which is subject to a uniform probability distribution along the perimeter. Without loss
of generality, we suppose that both the robot(s) and the radar move in a clockwise direction. If A and B are two points on
the edge of O(R), an angle ⟨AOB⟩ represents the angle of line AO to line OB in a clockwise direction, and its value can vary
from 0 to 2π .
3. IDM analysis of first capture of intrusions
In this section, we evaluate the quality of capturing the first intrusion. Some notations are shown in Table 1:
For any pair of positive integers i and j, the probability that the robot misses the i-th intruder is the same as the one that
the robot misses the j-th intruder. Furthermore, the expected time that the robot takes to capture the i-th intruder, under
the condition that the robot captures the i-th intruder, is the same as the expected time that the robot takes to capture the
j-th intruder, under the condition that the robot captures the j-th intruder. Therefore, without loss of generality, we consider
only the capture of the first intrusion, called first capture.
Let T denote the time when the first intruder/intrusion occurs. Let Pro[loss] and Pra[loss] denote the probabilities that
the robot or the radar, respectively, misses (or does not capture) the first intruder. Let Pro[loss|T = t0] and Pra[loss|T = t0]
denote the conditional probabilities that the robot or the radar, respectively, misses the first intruder under the condition
that T = t0. For any pair of positive values, t0 and t1, due to thememory-less feature of the exponential distribution, we have
Pro[loss|T = t0] = Pro[loss|T = t1] and Pra[loss|T = t0] = Pra[loss|T = t1]. Therefore, we have Pro[loss] = Pro[loss|T = t0]
and Pra[loss] = Pra[loss|T = t0]. We can then solve Problems 1–4 with the condition that T = t0.
X. Liang, Y. Xiao / Computers and Mathematics with Applications 64 (2012) 2431–2449 2435
Table 1
Notations and some definitions.
Vro The moving speed of the robot in the robot detection scenario
Vra The moving speed of the radar in the radar detection scenario (see the definition of the moving speed of the radar in Section 2)
O(R) The whole round region with radius R in which the robot or radar detects intrusions
O The center of O(R)
Ω1 The event that the first intrusion is captured in the robot detection scenario or the event that the first intrusion is captured in
the radar detection scenario
I[A] The function of event A; I[A] = 1 if A happens; I[A] = 0 otherwise
Pro[loss] The probability that the first intrusion is not captured in the robot detection scenario
Pro[loss|T = t0] The conditional probability that the first intrusion is not captured in the robot detection scenario under the condition that it
occurs at time t0
Pra[loss] The probability that the first intrusion is not captured in the radar detection scenario
Pra[loss|T = t0] The conditional probability that the first intrusion is not captured in the radar detection scenario under the condition that it
occurs at time t0
Vin The speed of the intruder in both scenarios
Tro The time that the robot takes to capture the first intrusion in the robot detection scenario
Tra The time that the radar takes to capture the first intrusion in the radar detection scenario
E(Tro|I[Ω1] = 1) The expected time the robot takes to capture the first intrusion under the condition that the first intrusion is captured in the
robot detection scenario
E(Tra|I[Ω1] = 1) The expected time the radar takes to capture the first intrusion under the condition that the first intrusion is captured in the
radar detection scenario
R The radius of O(R)
r 2Vro/Vin
T The point in time when the first intrusion occurs
Fig. 3. ‘‘Left half’’ and ‘‘right half’’.
3.1. Robot detection scenario using single robot
In this subsection, we will solve Problems 1 and 2. We split the detection area of the robot into two parts, the left
semicircle (‘‘left half’’) and the right semicircle (‘‘right half’’), as shown in Fig. 3. Note that the ‘‘right half’’ is always more
clockwise than the ‘‘left half’’. Intruders can be detected once they overlap either the ‘‘left half’’ or the ‘‘right half’’ before
they reach the center O.
It will take an intrusion a time period of t0 + R/Vin to move to the center O after it occurs at a point of the perimeter of
O(R). We know that, as the robot rotates during the time period, the ‘‘right half’’ covers an angle (see Fig. 4); this means that,
if the intrusion occurs within the arc corresponding to the angle along the perimeter, it will be captured by the ‘‘right half’’.
Likewise, in the time period, the ‘‘left half’’ also covers an angle. Let θ1 and θ2 denote the angle covered by the ‘‘left half’’ and
the one covered by the ‘‘right half’’ during the time period, respectively, and let θ denote the sum of the two angles such
that θ = θ1 + θ2.
Lemma 1. In the robot detection scenario using a single robot, the sum of the angles covered by the ‘‘left half’’ and the ‘‘right half’’
during the time period t0 + R/Vin is
θ =

π if r ≤ 1;
π
2
+ arcsin(1/r)+

1− (1/r)2
1/r
if r > 1
where r = 2Vro/Vin.
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(a) The case that the angle x0 + θ1
covered by either the ‘‘left half’’ or
the ‘‘right half’’ during [t0, t0 + R/Vin)
is less than or equal to 2π .
(b) The case that the angle x0 + θ1
covered by either the ‘‘left half’’ or
the ‘‘right half’’ during
[t0, t0 + R/Vin) is greater than 2π .
Fig. 4. Two cases in which the angle x0 + θ1 is covered by the ‘‘left half’’ and the ‘‘right half’’ during [t0, t0 + R/Vin).
F(t1)
I(t1)
I(t0)
α
β
Fig. 5. Distance between the ‘‘right half’’ and the intruder over t in the robot detection scenario.
Theorem 1. In the robot detection scenario, the probability that an intrusion is not captured by the robot is
Pro[loss] =

1
2
if r ≤ 1;
3
4
− 1/r arcsin(1/r)+

1− (1/r)2
2π/r
if 1 < r ≤ r;
0 if r > r
(1)
where r = 2Vro/Vin, and r ≈ 4.6033.
The proofs of Lemma 1 and Theorem 1 can be found in the Appendix.
Now, from the expression of Pro [Loss], there is a probability that an intrusion is detected by the robot. To examine the
expected time required for the robot to capture the first intrusion, under the condition that it can be captured, we first
introduce a stochastic variable, Tro, which represents the time required for the robot to capture the first intrusion. Note that
Tro = +∞ if the robotmisses the first intrusion. LetΩ1 denote the event that the first intruder is captured. Solving Problem2
is equivalent to solving the expression of E(Tro|I[Ω1] = 1), where I[Ω1] is a stochastic variable that has two possible values:
1 in the case that the first intruder is captured and 0 if it is not. We give the expression E(Tro|I[Ω1] = 1) in Theorem 2. In the
proof of the expression of E(Tro|I[Ω1] = 1), we consider the ‘‘distance’’ between the intruder and the ‘‘right half ’’ over time
t and the one between the intruder and the ‘‘right half’’ over time. As Fig. 5 illustrates, those distances are angles; we also
consider the distance over time t between the intrusion and a point G(t) (see Fig. 3 for illustration) which is the intersection
point of the ‘‘left half’’ and the line OI(t0)where I(t0) is the point where the intrusion occurs. All details about the proof can
be found in the Appendix.
Theorem 2. In the robot detection scenario using a single robot, the expected time E(Tro|I[the first intruder is captured] = 1)
required for the robot to capture the intrusion from the time when it occurs, under the condition that it is captured by the robot is:
E(Tro|I[Ω1] = 1) =
f1 if r ≤ 1;
f2 if 1 < r ≤ r;
f3 if r > r
(2)
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where
f1 = 4
 R/Vin
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2

dt;
f2 =

 1−√1−(1/r)2
Vin/R
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2
− 2Vro
R

dt
+
 R
Vin
0
t
1
2π

2Vro
R
+ Vin
R

2Vint/R− (Vint/R)2

dt

3
4 −
arcsin(1/r)+
√
1−(1/r)2
1/r
2π
;
f3 =

 1−√1−(1/r)2
Vin/R
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2
− 2Vro
R

dt
+
 Tro
0
t
1
2π

2Vro
R
+ Vin
R

2Vint/R− (Vint/R)2

dt
 ;
r = 2Vro/Vin; r ≈ 4.6033; and Tro satisfies the following formula:
2π − arcsin(1/r)+ 1−

1− (1/r)2
1/r
= 2VroTro/R+ arccos((R− VinTro)/R).
3.2. Robot detection scenario using double robots
In this subsection, we will solve Problems 3 and 4. As in the analysis in Section 3.1, we split the detection area of each of
the two robots into two parts: the left semicircle (‘‘left half’’) and the right semicircle (‘‘right half’’). Intruders can be detected
once they overlap either the ‘‘left half’’ or the ‘‘right half’’ of either of the robots before they reach the center O.
It will take an intrusion a time period of R/Vin to move to the center O after it occurs at a point of the perimeter of O(R).
We know that as the robot rotates during the time period, the ‘‘right half’’ covers an angle; this means that, if the intrusion
occurs within the arc corresponding to the angle along the perimeter, it will be captured by the ‘‘right half’’. Likewise, in this
time period, the ‘‘left half’’ also covers an angle. Since the robots are symmetric, let θ1 and θ2 denote the angles covered by
the ‘‘left half’’ and by the ‘‘right half’’ of one of the robots during the time period, respectively, let θ3 and θ4 denote the angles
covered by the ‘‘left half’’ and by the ‘‘right half’’ of the other robot during the time period, respectively, and let θ denote the
sum of the four angles which means that θ = θ1 + θ2 + θ3 + θ4. Using the same methods as in the proof of Lemma 1 and
Theory 1, we can obtain Lemma 2 and Theorem 3.
Lemma 2. In the two-robot detection scenario, the sum of the angles covered by the ‘‘left halves’’ and the ‘‘right halves’’ during
the time period t0 + R/Vin is
θ =

2π if r ≤ 1;
π + 2 arcsin(1/r)+ 2

1− (1/r)2
1/r
> 2π if r > 1
where r = 2Vro/Vin.
Theorem 3. In the two-robot detection scenario, the probability that an intrusion is not captured by the robot is
Pro[loss] = 0.
Now, from the expression of Pro [Loss], we know that any intrusion is surely captured. Then E(Tro|I[Ω1] = 1) = E(Tro),
and we have the following theorem about the expected time from the occurrence of an intrusion to its capture.
Theorem 4. In the robot detection scenario, the expected time E(Tro) required for the robots to capture the intrusion from the
time when it occurs is:
E(Tro) =

g1 if r ≤ 1;
g2 if r > 1
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where
g1 = 2
 R/Vin
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2
− 2Vro/R

dt
+ 2
 R/Vin
0
t
1
2π

2Vro
R
+ Vin
R

2Vint/R− (Vint/R)2

dt
= 4
 R/Vin
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2

dt;
g2 = 2
 1−√1−(1/r)2
Vin/R
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2
− 2Vro
R

dt
+ 2
 T∗ro
0
t
1
2π

2Vro
R
+ Vin
R

2Vint/R− (Vint/R)2

dt;
T ∗ro satisfies the following formula:
π − arcsin(1/r)+ 1−

1− (1/r)2
1/r
= 2VroT ∗ro/R+ arccos((R− VinT ∗ro)/R).
3.3. The radar detection scenario using radar with angle α
In this subsection, we will solve Problems 5 and 6, which involve a radar with detection angle α.
In this scenario, we again suppose that the first intrusion/intruder occurs at t0, i.e., T = t0, and let I(t) denote the position
of the first intrusion over time t , where t ∈ [t0, t0+R/Vin). Note that I(t0) is the position where the intrusion occurs at t0. At
any time t , the detection area of the radar and the perimeter of O(R) overlap by a quarter of the perimeter; there is a most
clockwise point E(t) among the points within the overlapped region, as shown in Fig. 6. To examine Pra[loss], we need to
split the perimeter of O(R) into two pieces: the overlapped region L(t0) between the perimeter of O(R) and the detection
area of the radar at t0 and the rest of the perimeter of O(R). If I(t0) drops onto L(t0), the intruder will be detected at t0.
Otherwise, when the value of ⟨E(t0)OI(t0)⟩ is between 0 and 2π − α, the intruder is not detected at t0. Therefore, to figure
out Pra[loss], we only need to consider the case that I(t0) drops onto the subset, which is complementary to L(t0) on the
perimeter of O(R).
Let D(t) denote the value of the angle ⟨E(t)OI(t0)⟩, where t ∈ [t0, t0+ R/Vin). We can see the illustration of D(t) in Fig. 6.
As in the robot detection scenario, D(t) can be considered to be the distance between the intruder and the detection range
of the radar over t .
It can be seen that
D(t) = D(t0)− 2Vra(t − t0)/R, ∀t ∈ [t0, t0 + R/Vin). (3)
Note that, in the radar detection scenario, an intrusion is not captured if and only if it is not detected before it arrives
at the center point O of O(R). Then, from (3), as in the deduction in the case of robot detection, we can show that the first
intruder is not captured if and only if 2Vra (R/Vin) /R ≤ D(t0) < 2π − α, namely,
2Vra/Vin ≤ D(t0) < 2π − α. (4)
From (4), we know that, if Vra/Vin ≥ (2π − α)/2, the first intruder is surely captured, namely,
Pra[loss] = Pra[loss|t0] = 0. (5)
If Vra/Vin < (2π − α)/2,
Pra[loss] = Pra[loss|t0] =
 2π−α
2Vra/Vin
1/(2π)dθ
= 2π − α − 2Vra/Vin
2π
= 2π − α
2π
− Vra/Vin
π
. (6)
Problem 5 is therefore solved.
Let Tra represent the time required for the radar to capture the first intrusion. Note that Tra = +∞when the radarmisses
the first intrusion. Therefore, solving Problem 6 is equivalent to finding out the expression of E(Tra|I[Ω1] = 1). As in the
discussion in the robot detection scenario, we can obtain that
E(Tra|I[Ω1] = 1) = E(TraI[Ω1]|T = t0)1− Pra[loss] .
X. Liang, Y. Xiao / Computers and Mathematics with Applications 64 (2012) 2431–2449 2439
E(t1)
Fig. 6. Distance between the detection area and the intruder over t in the radar detection scenario.
From (3), in the case that I(t0) does not drop onto L(t0) and the intruder can be captured, we have:
0 = D(t0)− 2VraTra/R.
Thus,
Tra = D(t0)R/(2Vra). (7)
From (4) and (5) and (7),
E(TraI[Ω1]|T = t0) =

 2Vra/Vin
0
Tra
1
2π
dD(t0) =
 2Vra/Vin
0
D(t0)R
2Vra
1
2π
dD(t0)
= R
2π
Vra
V 2in
, if
Vra
Vin
<
2π − α
2 2π−α
0
Tra
1
2π
dD(t0) =
 2π−α
0
D(t0)R
2Vra
1
2π
dD(t0)
= (2π − α)
2R
8πVra
, if
Vra
Vin
≥ 2π − α
2
.
Therefore,
E(Tra|I[Ω1]) = E(TraI[Ω1]|T = t0)1− Pra[loss]
=

RVra/V 2in
α + 2Vra/Vin if Vra/Vin < (2π − α)/2,
(2π − α)2R
8πVra
if Vra/Vin ≥ (2π − α)/2.
Therefore, Problem 6 is solved. All of the proposed problems have now been solved.
4. Evaluation
In the first part of this section, we first present an analytical evaluation to compare the detection qualities in the robot
and radar scenarios based on the theoretical conclusions from Sections 3. In the second part of this section, we show results
from a simulation of the detection scenarios and compare those results with the theoretical values.
4.1. Analytical evaluation
In this part, we will generate results based on previously deduced results in order to compare the detection quality of
the robot and the radar detection scenarios. In the robot scenario, we have two cases: (1) using a single robot and (2) using
double robots; in the radar scenario, we have two cases: (1) using a special radar having a fixed angle (π/2) which has the
same detection range as a single robot and (2) using one radar chosen from a set of radars the angles of which range over
the interval (0, 2π), and for case 2, and for comparison, we choose a radar with angle π which will have the same detection
range as that of the double robots together. We will compare the detection quality of two pair of moving sensors, the two in
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Fig. 7. Loss probability comparison versus Vro/Vin and Vra/Vin .
Fig. 8. Expected capture time over the speed of the moving sensor.
each pair having the same detection range; one pair are a single robot and a radar with angle π/2 and the other are double
robots and a radar with angle π .
The whole detection field is set as a circle with radius R = 100 units.
We compare the loss probability in both scenarios by increasing the ratio Vro/Vin of the robot’s speed to the intruder’s
speed and the ratio Vra/Vin of the radar’s speed to the intruder’s speed from 0 to 3π/4 + 1 with break points 0, 0.5, 1, 1.5,
π/2, r/2, 3π/4, 3π/4+0.5, and 3π/4+1. The results are shown in Fig. 7. Fig. 7 shows that the loss probability for the robot
scenario using a single robot decreases from 0.5 to 0 when Vro/Vin increases and becomes 0 when Vro/Vin > r/2 and that
the one for the radar scenario using a radar with angle π/2 ranges from 0.75 to 0 when Vra/Vin increases and becomes zero
when Vra/Vin > 3π/4. The figure also shows that the loss probability for the robot scenario using double robots is always 0
and that the one for the radar scenario using a radar with angle π ranges from 0.5 to 0 when Vra/Vin increases and becomes
zero when Vra/Vin > π/2. What is interesting from the figure is that the curve of the loss probability using a single robot or
double robots is always below the one of the loss probability using a radar having the same detection range before the loss
probability using the robot scenario becomes 0. Therefore, the robot(s) performs better than the radar in ourmodel in terms
of the probability of capturing an intruder. Also, from the figure, we can see that using double robots generates a lower loss
probability that using a single robot and that using radar with a bigger angle results in a lower loss probability.
Next, we compare the expected times (capturing times) required for the robot(s) or radar to capture an intruder after an
intrusion occurs in the case that the robot(s) or radar captures it. Figs. 8 and 9 show the capture times for both the robot
and the radar over the speeds Vro and Vra, respectively. We let the speed of the robot/radar increase from 0 to 60 with break
points 0, 0.5, 1, π/2, 2, r/2, 3π/4, 3, 4, 5, 2π, 7, 8, 2r, 3π , 10, 11, 20, 35, and 60, and fix the speed Vin of the intruder to be
1 or 4. Fig. 8 shows that if Vin = 1 or Vin = 4, as Vro increases, the expected capture time for the robot scenario using a single
robot increases when Vro/Vin ≤ r/2, and that, as Vra increases, the expected capture time for the radar scenario using a radar
with angleπ/2 increases when Vra/Vin < 3π/4. The reasons are stated as follows. The loss probability for the robot scenario
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Fig. 9. Expected capture time over the speed of the moving sensor.
Fig. 10. Expected capture time over the speed of the intruder.
is not 0 when Vro/Vin ≤ r/2. Also, the one for the radar scenario is not 0 when Vra/Vin < 3π/4. With a fixed Vin, as the speed
of the radar or robot increases, the robot or radar can spend the time from a span-increasing range to capture the intruder in
the case that the intruder is captured. We can also see that in Fig. 8, in the case that Vin = 1 and the one that Vin = 4, as Vro
increases, the expected capture time for the robot scenario using a single robot decreases when Vro/Vin > r/2, and that, as
Vra increases, the expected capture time for the radar scenario using a radarwith angleπ/2 decreaseswhen Vra/Vin ≥ 3π/4.
This is because the loss probability for the robot scenario is 0 when Vro/Vin > r/2, and the one for the radar scenario is 0
when Vra/Vin ≥ 3π/4. Intuitively, with Vin fixed, as the speed of the radar or robot increases, the robot or radar is expected
to take less time to capture the intruder. Fig. 9 shows that if Vin = 1 or Vin = 4, as Vro increases, the expected capture time
for the robot scenario using double robots decreases and intuitively this is because the loss probability is always 0 in this
case and a faster moving speed results in a shorter capture time. It also shows that if Vin = 1 or Vin = 4, Vra increase, the
expected capture time for the radar scenario using a radar with angle π increases when Vra/Vin < π/2 and then decreases
when Vra/Vin ≥ π/2. This is the case for the same reason as we have stated in the comment for Fig. 8. Finally, from Figs. 8
and 9, we observe that, in both the case that Vin = 1 and the one that Vin = 4, the capture time under the radar scenario is
below the capture time under the robot scenario given that the robot(s) and radar compared have the same detection range.
We can therefore claim that the radar performs better than the robot(s) in terms of capture time.
Figs. 10 and 11 show the capture time for both the robot(s) and the radar over the speed (Vin) of the intruder. We let
the speed of the intruder increase from 0.6 to 90 with break points 0.6, 0.9, 4/π, 6/r, 6/π, 6, 40/π, 60/r, 60/π , 45, 60, 75,
and 90, and fix the speed Vro and Vra of the moving sensor and the radar, respectively, to be 3 and 30. Figs. 10 and 11 show
that, in all of the cases that Vro = 3, that Vra = 3, that Vro = 30, and that Vra = 30, as Vin increases, the expected capture
time that the robot(s) or the radar takes decreases. The reasons are stated as follows. With a fixed Vro or Vra, as the speed of
the intruder increases, the upper bound of the time, which the robot(s) or radar takes to capture an intruder, drops. Finally,
we observe that both in the case that Vro = Vra = 3 and the one that Vro = Vra = 30, the capturing time under the radar
scenario is below the capturing time under the robot scenario given that the robot(s) and radar compared have the same
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Fig. 11. Expected capture time over the speed of the intruder.
Fig. 12. Simulation for loss probability with single robot and radar having an angle π/2.
detection range. Similar to Figs. 9 and 10, the performance using radar is better than the one using robot(s) having the same
detection range in terms of the capturing time.
4.2. Simulation results
In this part, we shows the results of a simulation in which we set up R = 50, Vin = 5, and λ = 1. The implementation
of the simulation is done in C + + code. In the simulation, four cases are examined in terms of the intrusion detectors
selected—single robot, double robots, radar with an angle α = π/2, and radar with an angel α = π . In each of the cases,
after configuring the speed (Vra or Vro) of the radar or robot(s), the loss probability is computed from the count of themissed
ones from10000 samples of intrusions, and for the expected capture time, 10000 samples of captured intrusions are used to
collect sample values of capture time. The simulation results about the loss probability and those about the expected capture
time are presented and compared with the theoretical values in Figs. 12 and 13, and in Figs. 14 and 15, respectively. As we
can see from those figures, over different configurations of Vro and Vra in which Vro and Vra vary from 0 to (3π/4+ 1) ∗ Vin
with break points 0, 0.5 ∗ Vin, 1 ∗ Vin, 1.5 ∗ Vin, π/2 ∗ Vin, r/2 ∗ Vin, 3π/4 ∗ Vin, (3π/4 + 0.5) ∗ Vin, and (3π/4 + 1) ∗ Vin,
the simulation results match the theoretical values.
5. Conclusions
In this paper, under an intrusion mode, called IDM, we analyze intrusion capture performance under two different
detection scenarios: the robot and radar detection scenarios. Intrusion loss probabilities for both detection scenarios are
considered. We derive first capture probabilities and capture time durations under both the robot and the radar detection
scenarios. For both detection scenarios, we consider the expected time (capture time) that the moving sensor or radar takes
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Fig. 13. Simulation for loss probability with double robots and radar having an angle π .
Fig. 14. Simulation for expected capture time with double robots and radar having an angle π/2.
Fig. 15. Simulation for expected capture time with double robots and radar having an angle π .
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Fig. 16. Function family y = cos(x+ (t − t0)2Vro/R) and function y = 1− (t − t0)Vin/R in the cases of 2Vro/Vin ≤ 1 and 2Vro/Vin > 1.
to capture the intruder from the time it occurs, under the condition that the robot(s) or radar captures it. Our results show
that robot detection performs better than radar detection in terms of the probability of capturing an intruder and that radar
detection performs better than robot detection in terms of capture time.
Our future research will extend the results to intrusion detection scenarios with other realistic intrusion modes.
Acknowledgment
This work is supported in part by the US National Science Foundation (NSF), under grants: CNS-0716211, CCF-0829827,
CNS-0737325, and CNS-1059265.
Appendix
A.1. Proof of Lemma 1
Supposing that an intrusion occurs at the time t0, let F(t0) denote the intersection point of the detection area of the
robot at the time t0 and the perimeter of O(R), where F(t) is a function related to the speed of the robot which means the
intersection point of the detection area of the robot at time t and the perimeter of O(R). Likewise, let H = F(t0 + R/Vin)
denote the intersection point of the detection area of the robot and the perimeter of O(R) at the time t0 + R/Vin. After an
intrusion occurs, the intruder spends a time period of R/Vin moving from the edge (perimeter) of O(R) to the center O unless
it is caught by the robot. As stated above, the intrusion can be detected if and only if the intruder is covered by either the
‘‘left half’’ or the ‘‘right half’’ of the detection area of the robot during the time interval [t0, t0+ R/Vin). On the one hand, it is
obvious that, during the time interval [t0, t0 + R/Vin), the robot can rotate an angle θ0 = (2Vro/R) (R/Vin) = 2Vro/Vin = r ,
which is equal to the angle ⟨F(t0)OH⟩ in Fig. 3. The right semicircle of the detection area of the robot can cover an angle
θ1 = θ0 + π/2, as shown in Fig. 4(a), during that time interval. Furthermore, if the intruder occurs at t0 within the arc
according to θ1 along the perimeter of O(R), then it can be detected by the ‘‘right half’’.
On the other hand, the intrusion is likely to be detected by the ‘‘left half’’ if, at t0, the intrusion occurs within the
arc (i.e., ‘‘last quarter’’) according to the angle θ2 = π/2, as shown in Fig. 3, along the perimeter of the O(R). Let I(t)
denote the position of the first intruder at time t , where t is any certain instant t which falls into [t0, t0 + R/Vin]. Note
that I(t0) represents the point where the intrusion occurs, along the perimeter of O(R). Let x = ⟨I(t0)OF(t0)⟩. Only
within the time interval [t0, t0 + [(2π − x)R] / (2Vro)) can the intruder be captured by the ‘‘left half’’. Let G(t) denote the
intersection point of the line segment OI(t0) and the ‘‘left half’’ at time t , where t ∈ [t0, t0 + [(2π − x)R] / (2Vro)); for
illustration of G(t), please refer to Fig. 3. The intruder which occurs in I(t0) at t0 can be detected by the ‘‘left half’’ if and
only if there exists at1 ∈ [t0, t0 + [(2π − x)R] / (2Vro)) at which the distance between the intruder and G(t1) is 0. We
know that the distance between the intrusion and O over t, t ∈ [t0, t0 + [(2π − x)R] / (2Vro)), is R − Vin(t − t0), and
that the one between G(t) and O is R cos(x + (t − t0)2Vro/R). Then the distance D(t) between the intruder and G(t) is
D(t) = R− Vin(t − t0)− R cos(x+ (t − t0)2Vro/R). Let us consider the expression:
D(t)/R = 1− Vin(t − t0)/R− cos(x+ 2Vro(t − t0)/R).
Let y1 = cos(x+ 2Vro(t − t0)/R), where 0 ≤ x ≤ π/2, 0 ≤ x+ 2Vro(t − t0)/R ≤ π/2. Let y2 = 1− Vin(t − t0)/R, where
0 ≤ t − t0 ≤ R/Vin. Then, as illustrated in Fig. 16(a), y1 is a function family of x over t − t0.
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Let x = 0, let u = t − t0, and let us examine the functions f = cos(2Vrou/R) and y2 = 1 − Vinu/R. We know that f is a
concave function since ∂ f /∂u = −2Vro sin(2Vrou/R)/R ≤ 0 when 0 ≤ 2Vrou/R ≤ π/2, and that ∂y2/∂u = −Vin/R < 0.
From the function family y1 = cos(x+ 2Vrou/R) and the concavity of the function family, we can know that:
1. If ∂ f ((πR)/(4Vro))/∂u ≥ −Vin/R, i.e., 2Vro/Vin = r ≤ 1, there exists a function g1 = cos(2Vrou/R+ x0) intersecting y2 at
the point u0 = R/Vin, where x0 is the solution to the formula cos( 2VroR RVin + x) = 1−
Vin
R
R
Vin
, say x0 = π2 − 2VroVin .
2. If ∂ f ((πR)/(4Vro))/∂u < −Vin/R, i.e., 2Vro/Vin = r > 1, there exists a function g2 = cos(2Vrou/R + x0) tangentially
intersecting y2 at the point u1, where x0 and u1 are the solutions to the formulas cos(2Vrou/R + x) = 1 − Vinu/R −
2Vro sin(2Vrou/R+ x)/R = −Vin/R, i.e., x0 = arcsin(1/r)− 1−
√
1−(1/r)2
1/r and u1 = 1−
√
1−(1/r)2
Vin/R
, where r = 2Vro/Vin.
From the function family y1 and what was derived above, we know that:
If ∂ f ((πR)/(4Vro))/∂u ≥ −Vin/R, i.e., 2Vro/Vin ≤ 1, a subset S1 of the function family y1 intersects y2 when 0 ≤ u ≤ R/Vin,
where S1 = cos(x+ u2Vro/R), 0 ≤ x ≤ x0 = π/2− 2Vro/Vin.
If ∂ f ((πR)/(4Vro))/∂u < −Vin/R, i.e., 2Vro/Vin > 1, a subset S2 of the function family y1 intersects y2 when0 ≤ u ≤ R/Vin,
where S2 = cos(x+ u2Vro/R), 0 ≤ x ≤ x0 = arcsin(1/r)− 1−
√
1−(1/r)2
1/r .
From the derivation above, we know that at t0, in the last quarter of O(R), there is an angle ⟨G0OF(t0)⟩, the value of which
is x0, and that, if the intrusion occurs within the arc according to this angle along the perimeter of O(R), it can be detected
by the ‘‘left half’’ during the time interval [t0, t0 + R/Vin). The angle ⟨G0OF(t0)⟩ is covered during the period [t0, t0 + R/Vin).
Then we know that θ2 = x0.
We know θ = θ1 + θ2. Then, θ = θ1 + x0. We can easily derive the following expression for θ :
θ = θ1 + x0 =

π/2+ r + π/2− r = π if r ≤ 1;
π
2
+ r + arcsin(1/r)− 1−

1− (1/r)2
1/r
= π
2
+ arcsin(1/r)+

1− (1/r)2
1/r
if r > 1. 
(P1)
A.2. Proof of Theorem 1
From (P1), we have ∂θ
∂r =

0 if r ≤ 1;
1− (1/r)2 if r > 1.
Then we know that θ is an increasing, continuous function over r , and that limr→+∞ θ = +∞. Note that if θ is equal to
or greater than 2π , we have Pro[loss] = 0.
Let r denote the solution to the following formula:
π
2
+ arcsin(1/r)+

1− (1/r)2
1/r
= 2π.
Using Newton’s method, we can obtain that r ≈ 4.6033.
Then we can say that
Pro[loss] = Pro[loss|T = t0] =

1− θ/(2π) = 1− π/(2π) = 1/2 if r ≤ 1;
1− θ/(2π) = 1−
π
2 + arcsin(1/r)+
√
1−(1/r)2
1/r
2π
= 3/4− arcsin(1/r)+
√
1−(1/r)2
1/r
2π
if 1 < r ≤ r;
0 if r > r. 
A.3. Proof of Theorem 2
Remember that the intrusion will be captured once it is detected by the robot, but the intrusion can be detected first
by either the ‘‘left half’’ or the ‘‘right half’’. To consider Tro, we should try to determine the case in which the intrusion is
detected first by the ‘‘left half’’ and the one in which the intrusion is detected first by the ‘‘right half’’. From the derivation in
Lemma 1 about Pro [Loss], we know that, during the time period [t0, t0+R/Vin), the ‘‘left half’’ can cover an angle ⟨G0OF(t0)⟩,
the value of which is x0, and that the ‘‘right half’’ can cover an angle θ1.
When x0+θ1 ≤ 2π , the intrusionwill be detected first by the ‘‘left half’’ if it occurs within the arc according to ⟨G0OF(t0)⟩
at t0. It will be detected first by the ‘‘right half’’ if it occurs within the arc according to θ1 at t0. It will not be detected if it
occurs within the rest of the perimeter of O(R) at t0.
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When x0+θ1 > 2π , the intrusionwill be detected first by the ‘‘left half’’ if it occurswithin the arc according to ⟨G0OF(t0)⟩
at t0. It will be detected first by the ‘‘right half’’ if it occurs within the rest of the perimeter of O(R) at t0.
We first examine the expression of Tro when the intrusion occurs within the arc according to ⟨G0OF(t0)⟩ at t0.
Supposing that the intrusion occurs at a point Gwithin the arc according to ⟨G0OF(t0)⟩ at t0 and letting x denote the angle
⟨GOF(t0)⟩, from the derivation about Pro [Loss], we know that:
0 ≤ x < π/2− r, 0 ≤ Tro < R/Vin if r ≤ 10 ≤ x < arcsin(1/r)−
1−1− (1/r)2
1/r
,
0 ≤ Tro < 1−

1− (1/r)2
Vin/R
 if r > 1.
We also know that Tro satisfies the following formula:
cos(2VroTro/R+ x) = 1− VinTro/R. (P2)
We know Tro is an increasing function over x, and from (P2) we know that:
(1+ (2Vro/R) · (∂Tro/∂x)) sin(2VroTro/R+ x) = (Vin/R) · (∂Tro/∂x). (P3)
From (P2) and (P3), we can obtain that
∂x/∂Tro = Vin
R

2VinTro/R− (VinTro/R)2
− 2Vro
R
. (P4)
Then let us examine Tro in the case that the intrusion is detected first by the ‘‘right half’’ of the robot’s detection area. The
following is the derivation of the expression of Tro.
Once the first intrusion occurs, it will take the intruder a time R/Vin to reach the center of O(R). Suppose that the first
intrusion occurs at t0. Let I(t) denote the position of the first intruder over t , where t is any certain instant t falling into
[t0, t0 + R/Vin]. At t , the distance between the intruder and the center O of O(R) is R − (t − t0)Vin. Then, at instant t , there
are such points in the detection region of the robot such that the distance between any of them and O is also R− (t − t0)Vin.
From such points in the detection region of the robot, we select the most clockwise point and denote it as F(t). See the
points F(t0) and F(t1) in Fig. 3 as examples. Then, at any t , we can define D(t) as the value of the angle ⟨F(t)OI(t)⟩. Note that
the definition of D(t0) is similar to x, which represents the angle ⟨F(t0)OG⟩ in the discussion of Pro[loss] and Tro when the
intrusion is first detected by the ‘‘left half’’. If we consider the value of ⟨F(t)OI(t)⟩ to be the ‘‘distance’’ between the intruder
and the ‘‘right half’’, then, regarding t , we can define a ‘‘distance’’ function (the ‘‘distance’’ is an varying angle over time
which is illustrated in Fig. 5) between the intruder and the ‘‘right half’’. We denote the distance function as D(t). Therefore,
we can easily obtain the following expression:
D(t) = D(t0)− 2Vro(t − t0)/R− arccos((R− Vin(t − t0))/R) (P5)
where t ∈ [t0, t0 + R/Vin).
As limt→t0+Vin/R D(t) = D(t0)− 2Vro(t0+Vin/R−t0)R − arccos( R−Vin(t0+Vin/R−t0)R ), we can extend the definition domain of D(t)
from [t0, t0 + R/Vin) to [t0, t0 + R/Vin] and let
D

t0 + RVin

= D(t0)− 2Vro(t0 + Vin/R− t0)R − arccos

R− Vin(t0 + R/Vin − t0)
R

.
Obviously, D(t), t ∈ [t0, t0 + R/Vin] is a strictly decreasing, continuous function of t . Notice that the first intrusion was
not detected by the ‘‘right half’’ if and only if D(t) > 0,∀t ∈ [t0, t0 + R/Vin). From the continuity and the strictly increasing
property of D(t), the condition that D(t) > 0,∀t ∈ [t0, t0 + R/Vin) is equivalent to the condition that
D(t0 + R/Vin) = D(t0)− 2Vro(t0 + R/Vin − t0)R − arccos

R− Vin(t0 + R/Vin − t0)
R

≥ 0. (P6)
From (P5), we can know that, no matter what the value of 2Vro/Vin is, Tro will satisfy the following expression:
D(t0) = 2VroTro/R+ arccos((R− VinTro)/R) (P7)
From (P7), we know that D(t0) is a strictly increasing, differentiable function of Tro. We also know that
∂D(t0)
∂Tro
= 2VroR +
Vin
R
√
2VinTro/R−(VinTro/R)2
. From the derivation of Pro[loss], we know that the following two statements are equivalent:
(1) The intrusion is first detected by the ‘‘right half’’.
(2) 0 ≤ D(t0) < 2Vro/Vin + π/2 = r + π/2 if 2Vro/Vin = r ≤ r; 0 ≤ D(t0) ≤ 2π − arcsin(1/r) + 1−
√
1−(1/r)2
1/r if
2Vro/Vin = r > r , where r satisfies π/2+ arcsin(1/r)+
√
1−(1/r)2
1/r = 2π .
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Let Tro denote the time that the robot takes to capture the intrusion in the case that
D(t0) = 2π − arcsin(1/r)+ 1−
√
1−(1/r)2
1/r . Then Tro satisfies the following formula:
2π − arcsin(1/r)+ 1−

1− (1/r)2
1/r
= 2VroTro/R+ arccos((R− VinTro)/R).
We have E(Tro|I[Ω1] = 1) = E(TroI[Ω1]|I[Ω1] = 1). Further, from the theory of probability, we have
E(TroI[Ω1]) = E(TroI[Ω1]|I[Ω1] = 1) · P(I[Ω1] = 1)+ E(TroI[Ω1]|I[Ω1] = 0) · P(I[Ω1] = 0)
= E(TroI[Ω1]|I[Ω1] = 1) · P(I[Ω1] = 1)+ 0 · P(I[Ω1] = 1)
= E(TroI[Ω1]|I[Ω1] = 1) · P(I[Ω1] = 1).
Then
E(Tro|I[Ω1] = 1) = E(TroI[Ω1]|I[Ω1] = 1)
= E(TroI[Ω1])
P(I[Ω1] = 1) =
E(TroI[Ω1])
1− Pro[loss] . (P8)
From the features of our model, we know that, for any pair of positive values t0 and t1,
E(TroI[Ω1]|T = t0) = E(TroI[Ω1]|T = t1). (P9)
Then we have
E(TroI[Ω1]) = E(TroI[Ω1]|T = t0)
=

 π/2−r
0
Tro
1
2π
dx+
 r+ π2
0
Tro
1
2π
dD(t0) if r ≤ 1;
 arcsin(1/r)− 1−√1−(1/r)21/r
0
Tro
1
2π
dx+
 r+ π2
0
Tro
1
2π
dD(t0) if 1 < r ≤ r;
 arcsin(1/r)− 1−√1−(1/r)21/r
0
Tro
1
2π
dx
+
 2π−arcsin(1/r)− 1−√1−(1/r)21/r
0
Tro
1
2π
dD(t0)
 if r > r.
E(Tro|I[Ω1] = 1) = E(TroI[Ω1]|T = t0)1− Pro[loss]
=

4
 R/Vin
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2

dt if r ≤ 1;
 1−√1−(1/r)2
Vin/R
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2
− 2Vro
R

dt
+
 R/Vin
0
t
1
2π

2Vro
R
+ Vin
R

2Vint/R− (Vint/R)2

dt

3
4 −
arcsin(1/r)+
√
1−(1/r)2
1/r
2π
if 1 < r ≤ r;

 1−√1−(1/r)2
Vin/R
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2
− 2Vro
R

dt
+
 Tro
0
t
1
2π

2Vro
R
+ Vin
R

2Vint/R− (Vint/R)2

dt
 if r > r.
(P10)
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From (1), (P8)–(P10),
E(Tro|I[Ω1] = 1) = E(TroI[Ω1]|T = t0)1− Pro[loss]
=

4
 R/Vin
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2

dt if r ≤ 1
 1−√1−(1/r)2
Vin/R
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2
− 2Vro
R

dt
+
 R/Vin
0
t
1
2π

2Vro
R
+ Vin
R

2Vint/R− (Vint/R)2

dt

3
4 −
arcsin(1/r)+
√
1−(1/r)2
1/r
2π
if 1 < r ≤ r;

 1−√1−(1/r)2
Vin/R
0
t
1
2π

Vin
R

2Vint/R− (Vint/R)2
− 2Vro
R

dt
+
 Tro
0
t
1
2π

2Vro
R
+ Vin
R

2Vint/R− (Vint/R)2

dt
 if r > r.
Therefore, Problem 2 is solved. 
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